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In earlier work of the author [J, Algebra 3 1 (1974), 262-275 and Proceedings 
of the Conference on Finite Groups, Academic Press, New York (1976), 389-3951, 
the study of finite simple groups with a cyclic Sylow subgroup P which is 
strongly self-centralizing and has index two in its normalizer was begun. In 
this paper these earlier results are extended. The main result is the following 
theorem. 
THEOREM. Let G be a finite simple group such that 
(1) 1 G 1 = pkm, p a prime, (p, m) = 1, k a positiwe integer. 
(2) If P is a Sylow p-subgroup of G, then 1 N(P): P 1 = 2, and 
(3) If x E Pa, then C(x) = P. 
Then ;f G has a non-identity irreducible character in the principal p-block of G 
whose degree is at most 65, then G is isomorphic to one of the groups PSL(3, 4), 
&(8), or PSL(2,q) with q = 5, 7, 9, 8, 11, 13, 16, 17, 19, 23, 25, 27, 32, 37, 
47, 49, 53, 59, or 61. 
1. IN-~R~DUCTI~N 
This paper is a natural sequel to [l]. We begin with a slight generalization 
of a definition from that paper. An index two simple group is a finite simple 
group, G, satisfying the following hypotheses. 
(r). IGI =P%P P a rime, (p, m) = 1, K a positive integer. 
(II). If P is a Sylow p-subgroup of G, then 1 N(P) : P 1 = 2. 
(III). If x E P#, then C(X) = P. 
In [l] and [2] the author has classified the index two simple groups having a 
non-identity irreducible character in B,(p) of degree n < 25. In this paper 
the bound on n is raised to 65. 
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In Section 2 we list several known results on index two simple groups and 
several other theorems that are used repeatedly in Section 3. Among the former 
results are the well-known but extremely useful fact that an index two simple 
group has a single conjugate class of involutions and the fact that there is a. 
sharp bound for the order of an index two simple group in terms of the degree 
of a non-identity irreducible character in B,(p), the principal p-block. The 
most useful of the latter theorems is the recent result of Beisiegel [4] and Sting1 
[ll] classifying the finite simple groups with Sylow 2-subgroups of order at 
most 21°. 
In Section 3 the results of Section 2 are applied to complete the proof of the 
main theorem. Thus it is shown that if G is an index two simple group which 
has a non-identity irreducible character in B,(p) of degree n < 65, then G is 
isomorphic to one of the groups &z(8), PSL(3,4) or PSL(2, (1) with. 
q = 5, 7,9, 8, 11, 13, 16, 17, 19,23, 25,27, 32, 37,47,49, 53, 59 or 61. 
The notation is fairly standard. Upper case letters denote groups, and Sp is. 
used to denote a Sylow p-subgroup. If A is a subgroup of a group G, then 
N(A), C(A), 1 G : A j, 1 A 1 denote the normalizer of A in G, the centralizer 
of A in G, the index of A in G, and the order of A, respectively. 
The notation X, is used for a group element of order n. Then C(X,) denotes. 
the centralizer of the element X, in G. 
Upper case Greek letters denote characters and a character of degree m is 
denoted by xm, 
The notation a(~~ , xj , xk) denotes the class multiplication constant which 
is the number of ways each element of the conjugacy class of xlc can be written. 
as a product of an element of the class of xi and an element of the class of xi . 
2. PRELIMINARY RESULTS 
In the sequel G is a simple group satisfying hypotheses I, II, and III. In the. 
case that k = 1 in hypothesis I, 1 G j is divisible by the prime p to the first 
power only. Then Brauer’s work [5] yields extensive information concerning 
the character values for irreducible characters in B,(p). In particular the equa- 
tion relating the degrees of the irreducible characters in B,(p) has the form 
1+n=v (2.1), 
where (nzl, p) = 1. We call Eq. (2.1) the degree equation for B,(p). 
When k > 1 in hypothesis I, hypothesis III implies that a Sylow p-subgroup- 
P must be Abelian. Then hypothesis II and the work of Smith and Tyrer [9] 
yield that P is cyclic. In Chapter IV of [8], Morrow has used exceptional 
character theory to derive information about character values for characters in 
B,(p), for groups satisfying hypotheses I, II and III. This information is essen-- 
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tially identical to the corresponding character information provided by Brauer 
in the case k = 1. In particular Eq. (2.1) holds when k > 1. 
The following extremely useful result was known by Brauer in the 1950’s. 
A proof appears in [l]. 
THEOREM 2.1. Let G be an index two simple group. Then G has exactly one 
conjugate class of involutions. 
Our next result whose proof appears in [l] deals with the class multiplication 
constant a(x, , xa , 3,) where x2 is any involution and xP is any p-singular 
element. 
LEMMA 2.2. Let G be an index two simple group with degree equation (2.1) 
for B,(p). Let x be a character of degree n. Then 
4x2 , x2 , x,) = 
I G I [x(x2) - 4” 
I C(x2)12 4n + 1) . 
The following theorem gives a very good bound for 1 G I in terms of the 
character degree n. This result is also proved in [l]. 
THEOREM 2.3. Let G be an index two simple group with degree equation (2.1) 
for B,(p). Let q, r be primes such that (q, pnw) = 1, ($+l, I G I) = qQ, 
(rc+l, nv) = rc, (r,p) = 1, and (rb+l, I G I) = rb. Then 
(1) qe(n+3)/2,r~n+l,p”~n+2, 
(2) a is even, b = c(mod 2), and 
(3) qa/2 _ qa/a-l < n +b+c)/2 - r(b+c)/2-l < n. 
Remark. The proofs of Theorem 2.1, Lemma 2.2, and Theorem 2.3 given 
in [I] are done in the case that k = 1 in hypothesis I. However, the same proofs 
are valid in the case k > 1 using the character information developed in [8]. 
The following result of Beisiegel [4] and Sting1 [l l] is extremely useful here. 
THEOREM 2.4. If G is a finite simple group with a Sylow 2-subgroup of order 
<21°, then G is a known group or G is a group of Ree type, 
Our final preliminary result is due to Alperin, Brauer, and Gorenstein [3]. 
THEOREM 2.5. If G is a jnite simple group of 2-rank two, then one of the 
following holds: 
(i) G has dihedral Sylow 2-subgroups and G E PSL(2, q) q odd, or A, ; 
(ii) G has quasidihedral Sylow 2 subgroups and G s PSL(3, q), q = - 1 
(mod 4), PSU(3, q), q = 1 (mod 4), or MI, ; 
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(iii) G has wreathed Sylow 2-subgroups and G z PSL(3, q), q r;; 1 (mod 4), 
or PSU(3, q), q = - 1 (mod 4); or 
(iv) G s PSU(3, 4). 
3. PROOF OF MAIN THEOREM 
The following result is proved in [l] for the case K = 1 and in [2] for the 
case k > 1. 
THEOREM 3.1. Let G be an index two simple group such that G has a non- 
identity character, x, in B,(p) with x(1) = n < 25. Then G is isomorphic to 
PSL(2, q) with q = 5, 7, 9, 8, 11, 13, 16, 17, 19, 23, or 25. 
In this section we extend Theorem 3.1 by raising the bound on n to 65. 
PROPOSITION 3.2. Let G be an index two simplegroup with degree equation (2.1) 
for B,(p) such that (/ G 1, 2b+1) = 2b and (nv, 2c+1) = 2”. Then either G has 
2 rank <2 or n 3 g2(b+c)/2. 
Proof. Suppose the 2-rank of G is greater than 2. Let H be an elementary 
Abelian subgroup of G such that / H 1 = 8. Let u = xn(x2), where xa is an 
involution in H. Then Theorem 2.1 yields (xll. IH, lH) = (n + 7u)/8. Since 
this inner product is non-negative, u >, -n/7. Now the class multiplication 
constant a(xZ , x2 , xs) implies that 2(b+c)/2 divides n - u. It follows immediately 
that n 3 g2(b+c)/2. 
LEMMA 3.3. Let G be an index two simple group with degree equation (2.1) 
for B,(p). Then 
(1) It is not possible that n = 26, 28-31, 33-35, 37-46, 49-51, or 53-56, 
and 
(2) If n = 27, 32, 36, 47, 48, 52, 59, 60, 63 or 64 then G is isomorphic to 
PSL(2, q) with q = 27, 32, 37, 47, 49, 53, 59, 61, PSL(3,4) or S,(8), respectively. 
Proof. Let b, c be as in Proposition 3.2. Then Theorem 2.4, Theorem 2.5 
and Proposition 3.2 imply that either G is known or n 2 56. Also if c > I, 
then G is known or n > 112. It is well known that a group of Ree type cannot 
be an index two simple group. Also it is easily verified that the only known 
index two simple groups are PSL(3, 4) and members of the families PSL(2, q) 
and S,(q). Statements (1) and (2) now follow easily from consideration of the 
known character degrees of the groups PSL(3,4), PSL(2, q) and S,(q). This 
completes the proof of Lemma 3.3. 
We have now considered all choices for n in the range 26 < n < 65 except 
n = 57, 58, 61, 62 and 65. 
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PROPOSITION 3.4. Suppose G is an index two simplegroup such that n = 2q = 
Y - 1, where q, r are primes. Then 2.1 S, 1 is a quadratic residue modulo r. 
Proof. Here Theorem 2.3 implies that 1 G 1 = 2am2q . r . 1 S, 1 where 
(m, 2qrp) = 1. Block separation now gives xn E B,(r). Then Stanton [lo] yields 
C(S,.) = S, . Now suppose x2 is an involution inverting an element x, of order Y. 
Let K be the cyclic subgroup generated by X, . Then since (xn IK, lK) = 0, it 
follows that xn(x2) = 0. But then Lemma 2.2 yields 1 S, 1 = 2, which is 
impossible for a simple group. Thus it must be the case that 1 N(S,.) : S, ] = q. 
Now a count of Sylow r-subgroups implies that 2 1 S, 1 is a quadratic residue 
modulo Y. 
LEMMA 3.5. Let G be an index two simple group with degree equation (2.1) 
for B,(p). Then it is not possible that n = 57, 58, 61, 62 or 65. 
Proof. When n = 57, Morrow [8] implies that ] S, 1 = 59 or 7. When 
1 S, 1 = 59, Feit’s work [6] implies that G is isomorphic to PSL(2, 59). But 
PSL(2, 59) has no irreducible character of degree 57, a contradiction. When 
I S, 1 = 7, Theorem 2.3 implies that I G ] = 2a3b5c7 * lld13”17f19 .23”29 
where a < 11 and is odd; b < 7 and odd; c < 4 and even; and d, e, f and g 
are 92 and even. Here block separation applied to B,(7) n B,(29) implies that 
the character x5, of degree 57 is in B,(29). Then Stanton [lo] implies that 
C(S22) = s22 . Now if I N(S,,) : S,, 1 = 2, then the degree equation for B,(29) 
would be 1 + 56 = 57. But then G would be an index two simple group with 
n = 56, contradicting Lemma 3.3. Now a count of Sylow 29-subgroups yields 
that the power of 2 dividing 1 N(S,,)] must be an odd power. Thus 
( N(S,,) : S,, ) = 14. But then there would be a 7-element in N(Sa,) centralizing 
an involution. This contradicts hypothesis III for the index two simple group G. 
Thus n cannot be 57. 
When n = 58, 1 S, 1 = 3, 5 or 19. In each case, Proposition 3.4 gives a 
contradiction. Thus n cannot be 58. 
When n = 61, 1 S, I = 3, 5, 7 or 9. It is well known [7] that the only index 
two simple groups with I S, I = 3 are PSL(2, 5) and PSL(2, 7). Since neither 
of these groups has an irreducible character of degree 58, it is not possible that 
1 S, 1 = 3. Now block separation and Stanton [IO] imply that C(S,,) = S’s, 
and C(Ss,) = Ssr . Now if an involution xs inverts an element x,, of order 3 1, 
let A = (x2 , xsr). Then if h is any non-linear character of A, then (xer lo , h) = 2. 
Thus ] xsl(xz)l < 1. Thus 1 Sa 1 < 8, whence G is a known group. But no 
known index two simple group has degree equation 1 + 61 = 62 for B,,(p). 
Thus 1 N(Sa,) : S,, l/15. A similar argument yields ] N(S,,,) : Se, l/15. Now 
when I S, 1 = 5, block separation implies that the identity character 1 and the 2 
5-exceptional characters of degree 62 are in Bs(61). Since C(S,) = S, here, 
] N(S,,) : S,, 1 = 3 or 5. If I iV(S,,) : S,, I = 3 then the degree equation for 
J&(61) would be 1 + 62 + 62 = 125 which is absurd since G cannot have a 
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character of degree 125. When [ N(Ss,) : S’s, [ = 5, the degree equation for 
Bs(61) must be 1 + 62 + 62 = 60 + 60 + 5. But there is no group of degree 5 
with an irreducible character of degree 61. Thus 1 S, 1 # 5. When 1 S, 1 = 7, 
Theorem 2.3 implies that j G 1 = 2a3b5c7 . lld13d17f19Q23h29i31 . 61, with a 
odd and b, c,..., i even. Then a count of Ssl’s using quadratic residues yields a 
contradiction to ) N(S,,) : S,, ] divides 15. Thus 1 S, 1 # 7. Finally when 
I S, I = 9, block separation applied to B,(3) n Z&,(31) yields 1 and the four 
3-exceptional characters of degree 61 are in Z&(31). Thus I N(Ss,) : Ss, 1 # 3. 
Also by hypothesis III for an index two simple group, I N(Ss,) : S’s, I cannot 
be 15. Thus ( N(Ss,) : S’s, 1 = 5 and the degree equation for B,(31) is 
1 + 243 = 61 + 61 + 61 + 61. But 243 is not a divisor of 1 G 1. This contra- 
diction completes the proof that n cannot be 61. 
Next when n = 62, Theorem 2.3 implies that I Ss, I = 31. Also I S, I = 61 
here. Then block separation implies that 1 and the 30 61-exceptional characters 
of degree 63 are in B&31). This is inconsistent with Brauer’s character informa- 
tion for Bs(31). Thus n cannot be 62. 
Finally when n = 65, 1 S, I = 67. Then Feit’s work [6] implies that G is 
isomorphic to PSL(2, 67). But PSL(2,67) has no irreducible character of 
degree 65. Thus n cannot be 65 and Lemma 3.5 is proved. 
We now state our main theorem which is an immediate consequence of 
Theorem 3.1 and Lemmas 3.3 and 3.5. 
THEOREM 3.6. Let G be a $nite simple group such that 
(1) WI =Pmd P a rime, (p, m) = 1, k a positive integer. 
(II) If P is a Sylow p-subgroup of G, then 1 N(P) : P 1 = 2. 
(III) If x E P#, then C(x) = P. 
Then if G has an irreducible character in the principal p-block of G whose degree 
is at most 65, then G is isomorphic to one of thegroups PSL(3,4), Sz(8), or PSL(2, q) 
with q = 5, 7, 9, 8, 11, 13, 16, 17, 19, 23, 25,27, 32, 37, 47, 49, 53, 59 or 61. 
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